We determine the deformation energetics and energy density of twisted carbon nanotubes and nanotube ropes that effectively constitute a torsional spring. Using ab initio and parametrized density functional calculations, we identify structural changes in these systems and determine their elastic limits. The deformation energy of twisted nanotube ropes contains contributions associated not only with twisting but also with stretching, bending, and compression of individual nanotubes. We quantify these energy contributions and show that their relative role changes with the number of nanotubes in the rope. DOI: 10.1103/PhysRevLett.109.255501 PACS numbers: 61.48.De, 61.46.Àw, 62.25.Àg Graphitic carbon, including graphene and carbon nanotubes (CNTs), displays an unprecedented resilience in response to in-plane deformations [1] . Numerous experimental studies have explored the response of nanotube ropes to axial stress [2] [3] [4] [5] and torsion [6, 7] . Theoretical studies have explored the response of nanotubes to deformations including stretching, twisting, and bending [5, [8] [9] [10] [11] [12] [13] [14] [15] , and of infinite nanotube arrays to compression [16] . These calculations, mostly based on parametrized force fields and analytical models, have established the elastic constants and provided limited insight into the deformation behavior in the plastic regime. Nanotube bundles or ropes, which form by self-assembly of single-wall carbon nanotubes, should display a very different deformation behavior from isolated nanotubes when twisted. For one, twisting a rope results in a combination of stretching, twisting, and bending of the constituent nanotubes [15] . Even more important is the interplay between different deformation modes in a rope, an important example being the tensile stress at the surface of a twisted rope that radially compresses the rope to minimize the energy. So far, little is known about the total deformation energy and how the relative role of the different deformation modes depends on the rope size. No information is available about the interplay between those deformation modes in ropes of different size and about the elastic limit and the microscopic decay mechanism of twisted nanotube ropes.
We determine the deformation energetics and energy density of twisted carbon nanotubes and nanotube ropes that effectively constitute a torsional spring. Using ab initio and parametrized density functional calculations, we identify structural changes in these systems and determine their elastic limits. The deformation energy of twisted nanotube ropes contains contributions associated not only with twisting but also with stretching, bending, and compression of individual nanotubes. We quantify these energy contributions and show that their relative role changes with the number of nanotubes in the rope. Graphitic carbon, including graphene and carbon nanotubes (CNTs), displays an unprecedented resilience in response to in-plane deformations [1] . Numerous experimental studies have explored the response of nanotube ropes to axial stress [2] [3] [4] [5] and torsion [6, 7] . Theoretical studies have explored the response of nanotubes to deformations including stretching, twisting, and bending [5, [8] [9] [10] [11] [12] [13] [14] [15] , and of infinite nanotube arrays to compression [16] . These calculations, mostly based on parametrized force fields and analytical models, have established the elastic constants and provided limited insight into the deformation behavior in the plastic regime. Nanotube bundles or ropes, which form by self-assembly of single-wall carbon nanotubes, should display a very different deformation behavior from isolated nanotubes when twisted. For one, twisting a rope results in a combination of stretching, twisting, and bending of the constituent nanotubes [15] . Even more important is the interplay between different deformation modes in a rope, an important example being the tensile stress at the surface of a twisted rope that radially compresses the rope to minimize the energy. So far, little is known about the total deformation energy and how the relative role of the different deformation modes depends on the rope size. No information is available about the interplay between those deformation modes in ropes of different size and about the elastic limit and the microscopic decay mechanism of twisted nanotube ropes.
Here we use ab initio and parametrized density functional calculations to determine the deformation energetics and energy density of twisted carbon nanotubes and nanotube ropes that effectively constitute a torsional spring. Our calculations not only identify the elastic range and deformation energy density of twisted carbon nanotubes and nanotube ropes but they also reveal their decay mechanism in the plastic regime. We demonstrate that the deformation energy of twisted nanotube ropes contains contributions associated not only with twisting but also with stretching, bending, and compression of individual nanotubes. Analysis of these energy contributions shows that their relative role changes with the number of nanotubes in the rope. We find the maximum gravimetric energy density to be unusually high and potentially useful for reversible nanomechanical energy storage.
Our total energy calculations for isolated and bundled carbon nanotubes are based on the ab initio density functional theory (DFT), as implemented in the SIESTA code [17] . We used the Ceperley-Alder exchange-correlation formalism [18] as parametrized by Perdew and Zunger [19] and norm-conserving Troullier-Martins pseudopotentials [20] . We utilized a double-zeta basis, including polarization orbitals, and periodic boundary conditions for all calculations. The Brillouin zone of the periodic nanotube array was sampled by a 2 Â 2 Â 8 k-point grid. We limited the range of the localized orbitals in such a way that the energy shift caused by their spatial confinement was no more than 10 meV [21] . The charge density and potentials were determined on a real-space grid with a mesh cutoff energy of 100 Ry, which was sufficient to achieve a total energy convergence of better than 0:1 meV=unit cell during the self-consistency iterations. All geometries have been optimized using the conjugate gradient method, until none of the residual Hellmann-Feynman forces exceeded 0:04 eV= # A. Since description of twisted nanotubes using conventional periodic boundary conditions requires very large unit cells in the axial direction, we studied deformations caused by torsion using the density functional based tightbinding (DFTB) theory [22] with a local orbital basis, adapted to systems with helical symmetry [23] [24] [25] . This total energy functional had been applied successfully to a variety of carbon structures [22] and subsequently extended to accommodate van der Waals interactions [26] , including their proper description in graphitic systems [26] . Use of helical symmetry, which allowed proper description of chiral nanotubes in the past [14, 25, 27] , turned out also to be essential to efficiently describe the geometry and energy changes in twisted nanotubes and nanotube ropes.
Whereas past theoretical studies have mostly investigated deformations and the deformation energy associated with stretching and torsion of individual nanotubes [9] [10] [11] [12] [13] [14] , we focus here on nanotube arrays and ropes. Additional deformation energy is associated with the radial compression of a rope containing aligned nanotubes. In the following we consider all these deformation modes in arrangements of the most abundant (10, 10) armchair nanotubes and their (18, 0) zigzag counterparts with the similar diameter of 1.4 nm.
Numerical results for the stretch energy ÁE s of a (10, 10) nanotube as a function of the axial strain k ¼ l=l 0 À 1 are shown in Fig. 1(a) . In our definition, l is the actual and l 0 the initial length of an unstrained nanotube segment. Our calculation has been performed in supercell geometry with four primitive unit cells in the axial direction containing 160 atoms in total. Our results, displayed in Fig. 1(a) , indicate an initial parabolic Hook's law behavior
with % 529:9 eV= # A. This harmonic regime is followed by a softer response and eventual plastic deformation by dislocations [10] and fracture at strain values k * k;max . The estimated fracture strain value k;max % 22% is unlikely to be achieved in reality, since finite temperature effects and presence of defects reduce it in the experiment to k;max % 12% in the optimum case [2] or less. Even at the reduced value k;max ¼ 12%, stretching nanotubes to the elastic limit requires an energy investment of 3 MJ=kg, which is typical of covalently bonded solids of light elements.
Bending a carbon nanotube is associated with the energy cost
where R is the local radius of curvature and % 256:6 eV= # A. Since typical values of R are significantly larger than the radius of a (10, 10) nanotube, r 0 ¼ 6:78 # A, the bending energy is usually quite small.
Much more important is the deformation energy ÁE t associated with twisting a nanotube about its own axis. We first associate the angle ' with the axial rotation of the nanotube cross section along a tube segment of length l 0 . For a nanotube with initial radius r 0 , we then define the dimensionless twist rate ¼ 'r 0 =l 0 and use radian units for '. Our results for the nanotube twisting energy ÁE t are shown in Fig. 1(b) . In the elastic regime, the torsional energy is well reproduced by
with % 203:2 eV= # A. The blue solid line in Fig. 1 (b) for a circular cross section follows Hook's law up to a large twist rate ;max % 0:26. Comparing these results to those in Fig. 1(a) , we note that a similar amount of deformation energy is associated with stretching and twisting of a nanotube. Also this idealistic prediction needs to be revisited.
Our calculations indicate that the circular nanotube cross section is only metastable, since even a slight elliptical distortion induces flattening of the nanotube. Snapshots of the twist-induced nanotube flattening at different twist rates are shown in Fig. 1(c) , and a hypothetical compact 3D arrangement of individually twisted nanotubes is depicted in Fig. 1(d) . As seen in Fig. 1(b) , the flattening is accompanied by a significant reduction of the total energy. On the other hand, flattened nanotubes are stable at twist rates far exceeding the elastic limit of the round nanotube, recovering in this way a significant portion of the maximum twist energy. Based on the maximum value of ÁE t =l 0 for a flattened nanotube in Fig. 1(b) , we find that the deformation energy density in the system depicted in Fig. 1(d) may be as high as J % 3 MJ=kg.
When a finite bundle of straight nanotubes is twisted to a rope, each individual nanotube strand deforms to a coil of radius , as shown in Fig. 2(a) . As a nanotube rope is being twisted, each nanotube strand is subject to stretching, bending, and twisting, and deforms accordingly. We calculated the deformation of individual nanotube strands in ropes containing 2 and 6 nanotubes using helical supercells. Our results for twist-induced shape changes in a double-helix (rope with 2 CNTs) and in a rope with 6 CNTs are shown in Fig. 2(b) . For those ropes, our results for the gravimetric deformation energy density J, based on DFTB, are presented in Fig. 2(c) . These calculations have been constrained by (i) the assumption that the interaction energy between neighboring nanotubes does not change as the rope is twisted, and (ii) by the imposed helical symmetry. In particular, we have also assumed that as a rope is twisted, the coil radius of each individual nanotube remains fixed at the initial value defined by the separation between the tube axis and the rope axis.
Also this assumption must be revisited, since it is intuitively clear that tightly twisting a rope may reduce its diameter. The equilibrium intertube distance, which is reflected in the rope diameter, is determined by the pairwise intertube repulsive interaction that balances the internal pressure inside a twisted rope. This pressure is caused by the resistance of each individual nanotube, which has been deformed to a coil, to twisting, stretching, and bending. It is the microscopic counterpart to the well-known fact that excess water in a wet towel can be eliminated more efficiently by wringing than by squeezing. Since the internal pressure can be very high, the compression energy ÁE c may reach a significant fraction of the deformation energy of a twisted nanotube rope in the elastic regime, prior to the onset of nanotube fusion.
To reliably estimate ÁE c in a radially compressed rope, we replaced the rope by an infinite triangular lattice of (18, 0) carbon nanotubes with sixfold symmetry. We then used DFT calculations to optimize the nanotube geometry in a wide range of intertube distances d far below the equilibrium value d 0 ð18; 0Þ ¼ 17:45 # A. Our results for the compression energy per nanotube segment are presented in Fig. 3(a) and the different shape deformation pathways are illustrated in Fig. 3(b) . These results not only provide an estimate of the compression-related deformation energy capacity but also help us to identify the limits of the elastic regime of deformations and to characterize the plastic deformations outside this regime.
Assuming that the compression energy ÁE c may be decomposed into pairwise intertube interactions, we consider in the linear regime of small deformations the simplified expression
for a pair of nanotubes subject to the strain ? ¼ 1 À d=d 0 normal to their axes. Our results in Fig. 3 indicate that the compressed nanotube lattice exhibits very complex structural changes and may deform along different pathways, which we label A, B, and C. We can infer from Fig. 3(a) that compression along any of these pathways is always energetically less costly than that of a lattice of nanotubes with their equilibrium geometry for d > d 0 artificially frozen in.
Maintaining the sixfold symmetry of the lattice along pathway A, the circular cross section of each nanotube first changes to a hexagon (A 1 ) and then a star with sixfold symmetry (A 2 ) under increasing pressure. We note that the deformation energy associated with nanotube compression may reach the same order of magnitude as the deformation energy associated with stretching and twisting of nanotubes. When subject to the maximum normal strain ?;max % 19% at d ¼ 14:1 # A, corresponding to a pressure * 30 GPa, the structure collapses as neighboring tubes start connecting by covalent bonds.
Interestingly, structure A 1 may change under compression to a similar structure B 2 , which does not spontaneously recover the initial nanotube structure with a circular 
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week ending 21 DECEMBER 2012 cross section under zero pressure. Rather, it relaxes to a different structure B 1 with a star cross section. Covalent intertube interaction along the B pathway sets on at the critical normal strain ? % 21%, similar to the A pathway.
The energetically least costly compression pathway C is initiated by first applying anisotropic pressure. With increasing pressure and decreasing intertube distance, the nanotube cross section deforms to an ellipse (C 1 ) and then a ribbon (C 2 ) at similar critical normal strain values as found for structures A and B. As seen in Fig. 3(a) , compression thus far along pathway C requires much less energy than along pathways A and B. Whereas the compression energy in the elastic regime is reproduced well by Eq. (4) with ðAÞ ¼ 92:6 eV= # A for branch A, a much smaller value ðCÞ % 25:0 eV= # A may be used to estimate energy changes in branch C. The effective pressure normal to the tube axis does not exceed 3 GPa and the minimum interwall distance maintains a nearly constant value % 2:9-3:0 # A in this regime. Only further compression to a fully collapsed ribbon (C 3 ) in the inelastic regime comes at a somewhat higher energy cost. Under still higher pressures, collapsed nanotubes should spontaneously transform to graphene nanoribbons of uniform width, especially when exposed to hydrogen atmosphere [28] .
In a rope containing a finite number of N nanotube strands, the mechanical deformation energy contains a combination of stretching, twisting, bending, and compression components. In the following, we consider a rope segment of initial axial length l 0 , same as that of a straight unstrained constituent nanotube. We further consider the ideal case, where the structure of the clamped rope ends does not change and the rope is twisted as a whole. The energy change associated with twisting this macroscopic rope about its axis, a system too large for atomistic calculations, can be estimated using continuum elasticity expressions in Eqs. (1)- (4) for the individual energy terms. This treatment ignores the atomic structure of the individual nanotube strands, which are represented by flexible cylinders with equilibrium intertube distance d 0 . Upon twisting, each cylinder i is being deformed to a coil of radius i , as seen in Fig. 2(a) . The total energy investment to twist a rope segment may then be expressed as
where the summation in the fourth term extends only over nearest-neighbor nanotube pairs ij, and
Even though l 0 does not change as the rope is twisted, each individual nanotube strand is being subject to the axial strain
when each initially straight tube deforms to a coil within a rope that is subject to the twist rate '=l 0 . We note that the twist rate of each individual nanotube '=l 0 is the same as that of the entire rope. Finally, the bending radius of each coil is given by [29] R i ¼ i ½1 þ ðl 0 =ð' i ÞÞ 2 . Obviously, the deformation energy could be increased further if nanotubes within a rope could be twisted individually.
To estimate the deformation energy of a twisted nanotube rope, we optimize the intertube distances within the rope by minimizing the energy density ÁE=l 0 in Eq. (5) for a given twist rate '=l 0 . The elastic response of the system results from the interplay between all components. For selected nanotube ropes, the total gravimetric deformation energy density J as well as the individual energy components are shown in Fig. 4 . Our energy decomposition provides not only an estimate of the maximum deformation energy density, but also allows us to identify the deformation channels that limit the elastic regime in each individual rope.
Our results for J in ropes of 2 N 19 nanotubes are presented in Fig. 2(c) . For (10, 10) nanotubes, we used the equilibrium intertube distance d 0 ¼ 16:73 # A and the value ¼ 25:0 eV= # A corresponding to the energetically least costly C pathway in Fig. 3 . The end points of the continuum elasticity results in Figs. 2(c) and 4 indicate the rope twist rate ÁE=l 0 , at which either the (experimental) stretching limit k;max % 12% or the twist limit ;max % 0:26 of individual tubes, or the compression limit ?;max % 19% within the rope would be exceeded. Interestingly, the way the elastic limit is reached differs from rope to rope. In any case, the large predicted gravimetric storage density J & 8 MJ=kg exceeds by one order of magnitude that of advanced Li-ion batteries, the most efficient energy storage medium.
Our results in Fig. 4 show that the deformation energy at low twist rates is dominated by the twist energy, independent of the rope size. These results also show that the thinnest ropes with N 4 nanotubes should fracture by torsion first. We find that stretching and compression contributions gain significance in wider ropes with 4 & N & 19, where the elastic regime becomes limited by compression strain. This is intuitively clear from the everyday experience that wringing is more effective when the wet object is long and narrow. As seen in Fig. 4 , in very wide ropes with N * 19 nanotubes, the contribution of stretching grows significantly and becomes comparable to that of compression and twisting. In these wide ropes, according to Fig. 4 , the nanotubes in the outermost rope layer break by stretching first, well before other decay mechanisms, including compression, would occur. In all ropes considered here, we found the bending deformation energy to be negligible.
In conclusion, we determined the deformation mechanism and deformation energy density in arrays of twisted carbon nanotubes and nanotube ropes that constitute a torsional spring. Using ab initio and parametrized density functional calculations, we identified structural changes in these systems and determined their elastic limits. We found that the deformations of twisted nanotube ropes are determined by an interplay between twisting, stretching, bending, and compression of individual nanotubes. We quantified the corresponding energy contributions and showed that their relative role changes with the number of nanotubes in the rope.
We acknowledge valuable contributions to the computational approach by Dong-Bo Zhang and Traian Dumitrica. Note added in proof.-The postulated high nanomechanical energy storage density has been indirectly confirmed in the meantime by the observation of large torsional and tensile actuation in twisted nanotube ropes [30] .
